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Abstract
We prove that a generalized Schwarzschild-like ansatz can be consistently employed to construct
d-dimensional static vacuum black hole solutions in any metric theory of gravity for which the
Lagrangian is a scalar invariant constructed from the Riemann tensor and its covariant derivatives
of arbitrary order. Namely, the base space can be taken to be any isotropy-irreducible homogeneous
space (thus being Einstein), which generically reduces the field equations to two ODEs for two
unknown functions. This is then exemplified by constructing solutions in particular theories such as
Gauss-Bonnet, quadratic, F (R) and F (Lovelock) gravity, and certain conformal gravities.
1 Introduction
The prototypical static black hole geometry is described by the celebrated Schwarzschild line-element,
g = −f(r)dt2 + dr
2
f(r)
+ r2hij(x
k)dxidxj , (1)
where f = 1 − µr and h = hijdxidxj is the metric of a 2-dimensional round unit sphere. It has
been known for various decades that this vacuum solution of general relativity readily extends to
Einstein’s gravity with a cosmological constant in d = n+2 spacetime dimensions, provided one takes
f = 1− µ
rd−3
−λr2 and h is the metric of an n-dimensional round unit sphere [1]. Even more generally,
one can also replace h by any n-dimensional Einstein space with Ricci scalar R˜ = n(n − 1)K and
define f = K − µ
rd−3
− λr2 [2] (see also [3]), giving rise to a much richer family of static “Einstein”
black holes when d > 5 (at the price of giving up asymptotic flatness or (A)dS-ness). The particular
choice of h may affect the stability of the solution [4].
In addition to Einstein’s gravity, gravity theories described by higher-order Lagrangians also
have a long history [5, 6], and appear naturally in studies of quantum gravity [7] and in the low
energy limit of string theory [8]. Numerous solutions of the form (1) have been obtained for various
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theories in diverse dimensions, mostly assuming h to be a round sphere (as required if spherical
symmetry is assumed) or a space of zero or negative constant curvature (references relevant to the
present paper will be given in due course in the following sections). As in Einstein’s theory, one may
wonder whether the same ansatz (1) can be extended to more general transverse geometries h for
arbitrary (diffeomorphism invariant, metric) theories of gravity, perhaps by simply modifying f(r)
appropriately. However, it was pointed out in [9] that simply adding a Gauss-Bonnet term to the
Einstein-Hilbert Lagrangian places a strong tensorial constraint on the geometry of h, thus ruling
out many known “exotic” Einstein black holes. This observation was later extended to cubic [10]
and arbitrary (generic) Lovelock theories [11] (see also [12]). It is thus clear that, generically, h
cannot be an arbitrary Einstein space in a gravity theory different from Einstein’s.
As is well known (and reviewed briefly in section 3 below), in Einstein’s gravity the condition
gttgrr = −1 in (1) follows from the field equations, however this is not necessarily the case in other
theories (see, e.g., [13] for an early result). Therefore, apart from the (partial) freedom in the choice
of h, a further extension of (1) consists in considering a more general ansatz with two undetermined
functions of r, i.e.,
g = ea(r)
(
−f(r)dt2 + dr
2
f(r)
)
+ r2hij(x
k)dxidxj . (2)
It is the main purpose of the present paper to obtain a sufficient condition on the metric h which
enables the ansatz (2) to be consistently employed in any theory of gravity of the form
S =
∫
ddx
√−gL(R,∇R, . . .), (3)
where L is a scalar invariant constructed from the Riemann tensor R and its covariant derivatives
of arbitrary order. By this we mean that, whatever theory (3) one chooses, with the ansatz (2)
the corresponding field equations will generically reduce to two ODEs (the precise form of which
will depend on the choice of a particular theory) for two unknown metric functions a(r) and f(r),
leaving one with some remaining arbitrariness on h. These spacetimes will in general describe
static black holes (examples for various theories are provided in sections 3–8) and we will name
them universal black holes.1 However, the details (including the precise form of a(r) and f(r)) and
physical properties of the solutions will naturally depend on the specific theory one is interested in.
Since for n = 2, 3 a n-dimensional Einstein space is necessarily of constant curvature, our analysis
we will be of interest for dimension d ≥ 6 (i.e., n ≥ 4). However, our results will apply also in lower
dimensions unless stated otherwise.
In section 2 we describe properties of the general static ansatz (2) and prove the main result
(already mentioned above) in Proposition 2.1. This is then used to argue how the field equations
of any theory (2) simplify when evaluated on the considered ansatz. Near-horizon geometries of
possible extremal solutions are also briefly discussed. In the subsequent sections 3–8 we add further
comments for some gravity theories of particular interest (namely, Einstein, Gauss-Bonnet, Lovelock
and F (Lovelock), quadratic gravity, F (R) and certain conformal gravities). A few explicit solutions
are also constructed which exemplify the general results of section 2 and in some cases extend certain
solutions already previously known in the case of a constant curvature h. A short summary and
some concluding comments are provided in the last section 9. In appendix A we define Riemannian
1It should be pointed out that not all static black holes can be written in the form (2). For example, in general
relativity, five-dimensional static black rings [14] with a S1 × S2 horizon cannot (as follows from [15] and the comments
on the Weyl type given below) – these, however, contain a conical singularity. Additionally, static black strings are also
excluded by this ansatz, as they typically possess one (or more) privileged spatial direction(s) and a Kaluza-Klein-like
asymptotics.
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universal spaces and relate those to isotropy-irreducible homogeneous spaces and to the results
of [16]. In appendix B we briefly review the Robinson-Trautman form of spacetimes (2), which is
useful to highlight geometric properties thereof and may be convenient for certain computations.
2 Black Holes with universal horizons
2.1 Geometry of the ansatz
Let us assume the spacetime metric is of the form (2). The spacetime is static in regions where
f(r) > 0 and belongs to the Robinson-Trautman class [17] (extended to arbitrary d in [18]), cf.
appendix B. Ansatz (2) (or (B45)) describes a warped product with a 2-dimensional Lorentzian
factor and is therefore of Weyl type D (or O) and purely electric [19,20]. However, eq. (B46) shows
that the Ricci (and thus the Riemann) tensor is not aligned, unless a =const – in which case one
can take a = 0, upon rescaling f and t.2 This thus provides an alternative geometric interpretation
of the “gttgrr = −1” condition discussed in [24] (also meaning that, in such a case, r is linear in v,
i.e., it is an affine parameter along ℓ [18, 24]).
In the rest of the paper, it will be assumed that, in (2), the transverse Riemannian metric
h = hij(x
k)dxidxj is an n-dimensional universal space (thus being, in particular, Einstein and with
constant scalar invariants) – see appendix A and references therein for a definition and more details.
This property of h will be understood from now on. Quantities with a tilde will refer to the transverse
space geometry. We normalise the transverse metric so that
R˜ij = (n− 1)Khij , (4)
which obvioulsy implies R˜ = n(n− 1)K.
2.2 Reduced field equations and universality
The field equations derived from (3) (neglecting boundary terms) are of the form E = 0, where
E is a symmetric, conserved rank-2 tensor locally constructed out of g and its derivatives [6] (cf.
also [25]). However, for the ansatz (2) they can be drastically simplified thanks to the following
Proposition 2.1. Consider any symmetric 2-tensor, E, constructed from tensor products, sums
and contractions from the metric g, the Riemann tensor R, and its covariant derivatives. Then for
the any metric of the form (2) with h universal we have:
E = F (r)dt2 +G(r)dr2 +H(r)hij(x
k)dxidxj . (5)
Proof. First, let us utilise that the metric is invariant under time-reversal: t 7→ −t. This implies
that any curvature tensor3 is purely electric (as defined in [20]). In particular, E is purely electric
(and, of course, t-independent). For a symmetric 2-tensor this implies Eti = Etr = 0. Second,
if hij(x
k)dxidxj is universal then this is an isotropy irreducibe (locally) homogeneous space (cf.
appendix A). This means that the isotropy group acts irreducibly on the tangent space of the
transverse metric. These symmetries of h can be lifted trivially to the total metric (2), and hence,
the tensor E needs to be invariant under the these symmetries as well. Using the isotropy group
2More in detail, the Weyl type is generically D(bd) since here h is Einstein [19, 20] (cf. also proposition 8.16 of [21]),
in which case there exist precisely two mWANDs ∂t ± f∂r (see footnote 15 of [22]) and thus the Riemann type is G if
a,r 6= 0 and D (aligned) if a,r = 0. The spacetime is conformally flat iff h is of constant curvature and the functions f
and a satisfy a differential equation which can be obtained from (40, [23]).
3I.e., any tensor constructed polynomially from the Riemann tensor and its covariant derivatives.
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(which acts irreducibly on TpM), we thus get Eij ∝ hij (cf. also [26]) and Eri = 0. Finally, since
hij(x
k)dxidxj is a locally homogeneous space, the components Ett, Err can only depend on r, and
Eij = H(r)hij(x
k)dxidxj .
The tensorial field equation E = 0 thus reduces to three “scalar” equations F (r) = 0, G(r) = 0
and H(r) = 0. However, since E is identically conserved, it is easy to see that H(r) = 0 holds
automatically once F (r) = 0 = G(r) are satisfied. We are thus left with just two ODEs for the
two metric functions a(r) and f(r). Their precise form will depend on the particular gravity theory
under consideration and is of no interest for the general considerations of this paper (several explicit
examples can be found in the references given in sections 3–8).
We further observe that (5) means that, in a frame adapted to the two mWANDs ∂t ± f∂r,
E possesses only components of b.w. ±2 and 0 (i.e., E++ = E−− = f−1(−Ett + Err), E+− =
−eaf(Ett + Err) and Eij).
The following Lemma will also be useful:
Lemma 2.2. If E is constructed from only type D tensors then the mixed tensor components obey:4
Ett = E
r
r. (6)
Proof. This follows simply from the fact that any type D tensor has a boost isotropy; hence so must
the tensor E.
Condition (6) means that F (r) = −f2G(r) in (5), so that in this case one is left with (at most)
one non-trivial field equation (ODE) for the two metric functions a(r) and f(r), thus leaving (at
least) one of those undetermined. Something similar (but not quite the same) occurs in Lovelock
theories that admit degenerate vacua (see sections 4 and 5 below and references therein).
2.3 Extremal limits and near-horizon geometries
Let us briefly comment on the near-horizon geometries associated with extremal limits of the uni-
versal black holes described above (we refer to the review [27] and references therein for definitions
and general properties of near-horizon geometries).
Metric (2) possesses horizons at zeros of f(r). In the coordinates (B45), these correspond to
zeros of H(v) (where the Killing vector field ∂u becomes null). We now assume that, at least in
certain theories (3), there exist solutions with a degenerate horizon, i.e., for which (without loosing
generality, one can always redefine v 7→ v + v0 so that such horizon lies at v = 0)
H(v) = v2F(v), (7)
where F(v) is a smooth function (we also assume r(v) to be such). Then, by rescaling v 7→ ǫv,
u 7→ ǫ−1u and taking the limit ǫ→ 0 [27] one arrives at the near-horizon line-element
g = −2dudv − 2F0du2 + r20hij(xk)dxidxj , (8)
where F0 ≡ F(0) and r0 ≡ r(0). This is a Nariai-like direct product of dS2 (if F0 < 0) or AdS2 (if
F0 > 0) with the IHS (universal) space h characterizing the original black hole solution (B45). It
possesses a recurrent null vector field ∂v and thus belongs to the Kundt class (cf, e.g., the review [21]
and references therein).
From the above result, it follows that the near-horizon geometry of the considered extremal
black holes is essentially theory-independent (up to fixing the two constants F0 and r0). A similar
“universality” of near horizon geometries was discussed for spherically symmetric spacetimes in [28].
4In the coordinates (B45), condition (6) is equivalent to Evv = 0.
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3 Einstein gravity
The purpose of the following sections is to illustrate the results of section 2 by giving explicit
examples of black holes solutions in various gravity theories of the form (3). As a warm-up, let us
start with the simplest case of d-dimensional general relativity, for which L = √−g 1κ (R − 2Λ) and
Eµν = Rµν − 12Rgµν + Λgµν . From the (reduced) field equations for (2) one gets the generalized
Schwarzschild-(Anti) de Sitter solutions [1–3]:
a(r) = 0, f(r) = K − M
rd−3
− λr2, (9)
where
λ =
2Λ
(d− 1)(d− 2) . (10)
In particular, the first of (9) follows from (B46). For later purposes, let us note that (9) gives
R = d(d− 1)λ.
4 Gauss-Bonnet gravity
This theory is of particular interest in the low-energy limit of string theory [29]. It is defined by the
Lagrangian density
L = √−g
[
1
κ
(R− 2Λ) + γIGB
]
, IGB = RµνρσR
µνρσ − 4RµνRµν +R2, (11)
giving
Eµν =
1
κ
(
Rµν − 1
2
Rgµν + Λgµν
)
+2γ
(
RRµν − 2RµρνσRρσ +RµρστR ρστν − 2RµρR ρν −
1
4
IGBgµν
)
.
(12)
4.1 Generic theory
The explicit form of (12) for the ansatz (2) was given in [9] and there is no need to reproduce it
here. As noticed in [9], the field equation Ett − Err = 0 (i.e., Evv = 0, cf. appendix B) shows that
generically one can set
a(r) = 0, (13)
while integrating the remaining field equation gives [30–33]
f(r) = K +
r2
2κγˆ

1±
√
1 + 4κγˆ
(
2Λ
n(n+ 1)
+
µ
rn+1
)
− 4κ
2γˆ2I˜2W
r4

 , (14)
where µ is an integration constant and5
γˆ = (n− 1)(n− 2)γ, n(n− 1)(n− 2)(n− 3)I˜2W = C˜ijklC˜ijkl . (15)
Eq. (14) clearly illustrates how the Weyl tensor of the geometry h affects the solution. The
branch with the minus sign admits a GR limit to (9) by taking γˆ → 0. The non-negative constant
5Since h is Einstein, using (4) one finds I˜GB = C˜ijklC˜
ijkl + n(n− 1)(n− 2)(n− 3)K2.
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I˜2W vanishes iff h is conformally flat (so necessarily when n = 3), in which case one recovers the
well-known black holes with a constant curvature base space [34–36]. See [30–33] for properties of
the spacetimes with I˜2W 6= 0.
In the special case of pure Gauss-Bonnet gravity (i.e., for κ−1 = 0), the above solution is replaced
by6
a(r) = 0, f(r) = K ±
√√√√ 1
γˆ
(
2Λˆ
n(n+ 1)
r4 +
µ
rn−3
)
− I˜2W , (16)
This was obtained in [37] for the special case when h is a product of two equal spheres (cf. [35,38,39]
when I˜2W = 0). As follows from an observation in [40], it is interesting to note that metric (16) also
solves more a general theory L = √−g(−2Λˆ + γIGB + ηId/4GB ) (where η is a new coupling constant).
The results of [40] further imply that it is also a solution of a general class of theories defined by
L = √−gF (IGB), provided F ′ 6= 0 and 8Λˆ/γ = (d − 4)F/F ′ (both these condition must hold
on-shell), where F ′ = ∂F/∂IGB).
4.2 Special fine-tuned theories (I2
W
= 0)
When h is conformally flat and the coupling constants are suitably fine-tuned, in addition to (13),
(14) there exist also the “geometrically free” solutions of [41] (cf. also [30, 31, 33, 42–44])
e−a(r)f(r) = K +
r2
2κγˆ
, 8κγˆΛ = −n(n+ 1), I˜2W = 0, (17)
for which the metric function ea(r)f(r) remains undetermined (this cannot occur when I˜2W 6= 0
[30–33]).
For pure Gauss-Bonnet gravity one has instead
e−a(r)f(r) = K > 0, I˜2W = 0, (18)
with ea(r)f(r) undetermined, as follows easily from [9].
5 Lovelock gravity
In more than six dimensions, a natural extension of Gauss-Bonnet (and Einstein) gravity is given by
Lovelock gravity [45], which retains the second order character of the field equations. The Lagrangian
density
L = √−g
[(d−1)/2]∑
k=0
ckL(k), L(k) = 1
2k
δρ1σ1...ρkσkµ1ν1...µkνkR
µ1ν1
ρ1σ1 . . . R
µkνk
ρkσk , (19)
gives [45]
Eµρ =
[(d−1)/2]∑
k=0
ckG
µ(k)
ρ , G
µ(k)
ρ = −
1
2k+1
δµµ1ν1...µkνkρρ1σ1...ρkσk R
ρ1σ1
µ1ν1 . . . R
ρkσk
µkνk
, (20)
where δ
µ1...µp
ρ1...ρp = p!δ
µ1
[ρ1
. . . δ
µp
ρp]
and ck are coupling constants. If c0, c1 and c2 are the only non-zero
constants, one recovers the the Gauss-Bonnet theory (11).
6We have redefined the cosmological constant Λ = κΛˆ such that it survives for κ−1 = 0.
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Similarly as in section 4.1, from Ett − Err = 0 one generically obtains
a(r) = 0, (21)
while the remaining field equation determines f(r) as the root of an algebraic equation (generalizing
(14)) that depends on an integration constant, the coupling constants ck and the Euler invariants of
the geometry h [11] (while the constraints on a generic transverse space were first obtained in [11],
the fact that it can be consistently taken to be IHS was noticed in [12]). When the base space is a
round sphere, one recovers the early results of [35] (see [38] for the case of zero and negative constant
curvature). However, in the latter case there exist particular choices of the ck that admit solutions
with one undetermined metric function [41, 42, 44].
The field equation determining f(r) simplifies considerably in the case of pure Lovelock gravity,
i.e., when a single coefficient ck¯ for k = k¯ > 0 (plus a possible cosmological term c0) is non-zero
in (19) [11]. Let us just present an example for which this equation can be integrated explicitly.
Namely, in the case of the pure cubic theory (k¯ = 3, which requires d ≥ 7), using Cardano’s formula
one can solve the general equation given in [11] to obtain7
f(r)−K = 1
(2cˆ3)1/3
[
c0r
6 − µ
rn−5
+ cˆ3J˜W +
√(
c0r6 − µ
rn−5
+ cˆ3J˜W
)2
+ 4cˆ23I˜
6
W
]1/3
+
1
(2cˆ3)1/3
[
c0r
6 − µ
rn−5
+ cˆ3J˜W −
√(
c0r6 − µ
rn−5
+ cˆ3J˜W
)2
+ 4cˆ23I˜
6
W
]1/3
, (22)
where µ is an integration constant and we have defined I2W as in (15) and
cˆ3 = (n+ 1)n(n− 1)(n− 2)(n− 3)(n− 4)c3, (23)
(n− 1)(n− 2)(n− 3)(n− 4)(n− 5)J˜W = 4C˜ijklC˜klmnC˜ ijmn + 8C˜ijklC˜mjknC˜i lmn . (24)
Solution (22) was obtained in [47] for the special case when h is a product of two equal spheres (a
solution for cubic Lovelock theory including lower order curvature terms was obtained earlier in [10]).
When I6W = 0 (⇒ JW = 0) the base space is of constant curvature and one recovers the solution
obtained in [39] (see also [11, 40]). From [40] it follows that (22) is also a solution of the theory
L = √−g(c0 + c3L(3) + ηL(3)d/6), as well as of the class of theories defined by L =
√−gF (L(3)),
provided (on-shell) F ′ 6= 0 and 6c0/c3 = −(d− 6)F/F ′.
6 Quadratic gravity
Apart from the special case of Gauss-Bonnet gravity, actions quadratic in the curvature have been
studied for a long time [5, 6, 48–50]. The most general such theory is defined by
L = √−g
[
1
κ
(R− 2Λ) + αR2 + βRµνRµν + γIGB
]
, (25)
7In order to arrive at (22) we used the identities L˜(1) = R˜ and L˜(2) = I˜GB , and the fact that for any n-dimensional
Einstein space R˜ = n(n− 1)K and I˜GB is as in footnote 5. Furthermore, it was useful to write
L˜(3) = 4C˜ijklC˜klmnC˜ ijmn + 8C˜ijklC˜mjknC˜i lmn + (n− 4)(n− 5)K
[
3C˜ijklC˜
ijkl + n(n− 1)(n− 2)(n− 3)K2
]
,
which can be obtained easily using (19, [46]).
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with IGB as in (11). This gives rise in general to field equations the fourth order, namely [50] (we
follow the notation of [51])
Eµν =
1
κ
(
Rµν − 1
2
Rgµν + Λgµν
)
+ 2αR
(
Rµν − 1
4
Rgµν
)
+ (2α+ β) (gµν−∇µ∇ν)R
+ β
[

(
Rµν − 1
2
Rgµν
)
+
(
2Rµρνσ − 1
2
gµνRρσ
)
Rρσ
]
+ 2γ
(
RRµν − 2RµρνσRρσ +RµρσδR ρσδν − 2RµρR ρν −
1
4
gµνIGB
)
. (26)
The special subcase α = 0 = β has second order field equations and corresponds to Gauss-Bonnet
gravity, already discussed in section 4.
6.1 Einstein spacetimes: d = 4 or γ = 0
In certain cases, Einstein spacetimes can also solve quadratic gravity. This is always true in four
dimensions [52, 53] so that the d = 4 Schwarzschild-(A)dS black holes (9) are solutions of quadratic
gravity (with λ = Λ/3) [6, 52]. For arbitrary d, the form of (26) when g is Einstein has been given
in (6, [54]). For our ansatz (2) with (9), one easily sees that, if (d − 4)γ 6= 4, only spacetimes of
constant curvature are possible (since RµνρσR
µνρσ must be a constant). Therefore, for d 6= 4 black
hole solutions of this form can only occur for quadratic gravities with γ = 0. In that case, (6, [54])
with (9) reduces to a single condition fixing the effective cosmological constant λ
2κ−1Λ = (d− 1)λ [κ−1(d− 2) + (d− 1)(d− 4)λ(dα + β)] . (27)
For (d− 4)(dα+β) 6= 0, this is a quadratic equation for λ, therefore there exist two distinct Einstein
black holes (9), except in the degenerate case (d− 2)2κ−1 + 8(d− 4)(dα + β)Λ = 0, for which they
coincide. For (d− 4)(dα+ β) = 0 there exists a single black hole. In all cases, the transverse metric
h can be any Einstein space (not necessarily IHS). These Einstein black holes in arbitrary dimension
were already discussed for Λ = 0 in [55] and in the case when h is of constant curvature in [56].
6.2 Pure R2 theory
Apart from Gauss-Bonnet gravity, the simplest quadratic gravity theory is obtained by setting
κ−1 = β = γ = 0 in (25), i.e., by considering L = α√−gR2 (this is clearly also a subset of F (R)
gravity [57], cf. also section 7). The field equations reduce to [49, 50]
R
(
Rµν − 1
4
Rgµν
)
+ (gµν−∇µ∇ν)R = 0. (28)
Clearly, special solutions of this theory are given by spacetimes with R = 0 (in particular, Ricci-
flat spacetimes, as noticed in [52, 58]). It is also obvious that proper Einstein spacetimes solve (28)
iff d = 4 [52, 53] (cf. also section 6.1 and [54]).8
As for static black holes, for simplicity we restrict ourselves to the special case a(r) = 0, i.e., to
the ansatz (1) (this is now an extra assumption, as opposed to the Einstein and generic Gauss-Bonnet
and Lovelock cases). The field equations (28) can then be easily integrated and give
f(r) = K − µ1
rd−3
− µ2
rd−2
, (29)
8This has to do with the fact that the Lagrangian density
√−gR2 is scale invariant iff d = 4, while for general d the
same property is shared by
√−gRd/2 [53].
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where µ1 and µ2 are integration constants. This solution has R = 0, and is asymptotically flat when
h is a round Sn. For µ2 = 0 it reduces to (9) with Λ = 0, which is Ricci-flat. This generalizes
previous results obtained in the case of spherical symmetry for d = 4 in [59] and for any d and any
h of constant curvature in [60].9 In [60] it was noticed that, for d = 4s, the µ2 term mimics the
backreaction of a non-linear, conformally invariant Maxwell term (FµνF
µν)s in Einstein gravity [61].
We further observe that, when d = 2p, it also alternatively mimics the backreaction of a linear
electromagnetic p-form field [62] (see also [22]).
As noticed above, for d = 4 there is additionally the Einstein solution (9) with an arbitrary λ.
Furthermore, some spherically symmetric solutions with a(r) 6= 0 have been given, e.g., in [63, 64].
6.3 Λ-R2 theory
Adding a cosmological constant gives the theory L = √−g (− 1κ2Λ + αR2), for which the field
equations are given by (28) with an additional term 12καΛgµν on the LHS. The ansatz a(r) = 0 leads
only to the Einstein solution (9) with
2Λ = d(d− 1)2(d− 4)ακλ2. (30)
This exists only for d > 4 (more generally, no Einstein spacetimes solve this theory when d = 4).
6.4 Einstein-R2 theory
It is also natural to consider adding theR2 term to Einstein’s theory, i.e., L = √−g [ 1κ (R− 2Λ) + αR2].
Clearly here
1
κ
(
Rµν − 1
2
Rgµν + Λgµν
)
+ 2α
[
R
(
Rµν − 1
4
Rgµν
)
+ (gµν−∇µ∇ν)R
]
= 0. (31)
It is useful to distinguish between an Einstein and a non-Einstein branch.
(i) This theory admits Einstein black holes (9) as solutions, which can be obtained from the
solutions discussed in section 6.1 by setting β = 0 therein (cf. also [55, 56]).
(ii) In search for non-Einstein solutions, as in sections 6.2, 6.3 let us make the simplifying assump-
tion a(r) = 0. The field equations then imply that in (1) one has
f(r) = K − µ1
rd−3
− µ2
rd−2
− λr2, λ = − 1
2d(d− 1)κα, (32)
and that the fine-tuning of the parameters10
8καΛ = −1, (33)
must additionally hold (otherwise µ2 = 0 and one is back in the Einstein case). It is worth
observing that these non-Einstein solutions occur precisely at the critical point identified in [56]
(in the case µ2 = 0). The analogy with p-form solutions mentioned after (29) holds also here
(solution (29) can be thought as the limit κ−1,Λ→ 0 of (32)). When h is constant curvature,
these solutions were obtained in [65], and they are are asymptotically (A)dS when h is a round
Sn.
In both the above cases R = d(d− 1)λ is a constant.
9The higher-dimensional spherically symmetric solution (26) of [59] appears to be incorrect, cf. [60] and our (29).
10More generally, for d > 4 this fine-tuning is a necessary and sufficient condition for a spacetime with R =const to be
a solution of (31) (which fixes R = 4Λ). For d = 4 this condition is only sufficient, since in this particular dimension also
all Einstein spacetimes solve (31) identically [52,53] (without any fine-tuning).
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7 F (R) gravity
Going beyond second order in powers of the curvature, a relatively simple and widely explored theory
is given by F (R) gravity, which was originally considered from a cosmological viewpoint [57] but
has subsequently been considered also in the context of black hole physics (see, e.g., [55] and further
references given below). The Lagrangian density
L = √−gF (R), (34)
in the metric approach gives rise to the equations of motion (in general of 4th order) [57]
(Rµν + gµν−∇µ∇ν)F ′ − 1
2
Fgµν = 0, (35)
where F ′ = ∂F/∂R.
From now on we will only consider polynomial theories
F (R) =
∑
k=0
ckR
k, (36)
where the ck are constants and the sum extends to an arbitrary natural number (or is infinite if
we simply assume F to be analytic at R = 0). For simplicity, we shall further restrict ourselves to
spacetimes with R =const. The field equations (35) then generically imply that the spacetime is
Einstein, with the constant value of R determined by (cf. [66] when d = 4)∑
k=0
(d− 2k) ckRk = 0. (37)
(R remains arbitrary in the scale invariant case where cd/2 is the only non-zero coefficient in (36) [53],
cf. also [67].) With our ansatz (2), this gives the Einstein black hole (9), as discussed in [55] for
c0 = 0 (see [68] for some comments) – the Weyl tensor of h does not enter the field equations so
that h can be any Einstein space (not necessarily IHS).
However, for theories such that (for a particular choice of R =const) F (R) = 0 = F ′(R) (cf. [69]
for related comments), i.e., ∑
k=0
ckR
k = 0 =
∑
k=0
kckR
k−1, (38)
non-Einstein spacetimes with R =const are also solutions (eq. (38) can be used to fix R and the
bare cosmological constan c0). For example, with the ansatz (1) one obtains f as in (32), with λ
determined by R = d(d − 1)λ – solutions of this type when h is of constant curvature have been
obtained for certain F (R) theories in [60,65] (see also [69] in four dimensions). This solution reduces
to (29) in the case R = 0, for which the fine-tuning is simply c0 = 0 = c1 (i.e., (29) represents static
black holes for all theories (36) of quadratic or higher order, as discussed in section 6.2 in a special
case).
A non-Einstein solution with a(r) 6=const is given, for example, by (2) with
ea(r)f(r) = 1, f(r) = K − µ
rd−3
− λr2, R = (d− 1)(d− 2)λ, (39)
and with (38), which extends a four-dimensional traversable wormhole of [70].
10
8 Special conformal gravities
In four dimensions, conformal gravity (a subcase of quadratic gravity defined by L = √−gCµνρσCµνρσ)
has attracted interest for some time . Apart from the freedom of conformal rescalings, it also pos-
sesses the interesting property that all conformally Einstein metrics solve it (in particular, all Einstein
metrics) [13]. In six dimensions, the unique polynomial theory with the same property is defined
by [71]
L = √−g
(
4I1 + I2 − 1
3
I3
)
(d = 6), (40)
with
I1 = CµρσνC
µαβνCα
ρσ
β, I2 = CµνρσC
ρσαβCαβ
µν ,
I3 = Cµρσλ
(
δµν + 4R
µ
ν − 6
5
Rδµν
)
Cνρσλ +∇µJµ, (41)
and the divergence term ∇µJµ in I3 can be found in [71]. Static black hole solutions of (40) with
a transverse space of constant curvature were found in [71] and, in particular, a three-parameter
subset of solutions corresponds to black holes conformal to the 6D Schwarzschild-(A)dS metric (see
the comments below) – this special family can be thus obtained by simply performing a conformal
transformation [71], with no need to integrate the complicated field equations which follow from (40).
In arbitrary dimensions, let us assume that an extension of (40) is given, i.e., a conformal theory
of gravity which admits Einstein spacetimes as solutions (the precise form of this theory is not
important for the following observations). By applying a conformal transformation analogous to the
one discussed in [71] to the Einstein black hole metric (9), one can extend the special solutions of [71]
to higher dimensions and to arbitrary Einstein transverse spaces. One thus obtains a conformally
Einstein solution given by (1) with11
f(r) = a0r
2 + a1r + a2 − µ
d−4∑
k=0
(
d− 1
k
)
ck
ρd−3−k
, (42)
where
a0 = Kc
2 − µcd−1 − λ, a1 = 2Kc− µ(d− 1)cd−2, a2 = K − µcd−3 (d− 1)(d− 2)
2
, (43)
and c is an additional parameter introduced by the conformal transformation. In general, all powers
of r from r2 to r3−d are present in (42), and R is not a constant for these solutions. For d = 4
and K = 1 one recovers the solution of [72] (see also [13,73], and [74] for an arbitrary K), while for
d = 6 and h of constant curvature those of [71]. However, in 6D solutions more general than (42)
exist which are not conformally Einstein [71], and this is likely to be true also in higher dimensions.
In order to study those, however, one needs to consider a specific conformal gravity and integrate
explicitly its field equations, which goes beyond the scope of this paper.
9 Discussion
We have shown that a generalization of a Schwarzschild-like ansatz can be consistently employed
to find d-dimensional static vacuum black hole solutions in any metric theory of gravity (3). This
11In order to simplify the notation, we call again here r the radial coordinate, although it is not the same r which was
used in (9) (i.e., before the conformal transformation).
11
consists in replacing the standard spherical base space metric by an arbitrary isotropy-irreducible
homogeneous space, giving rise to large families of static solutions. We have also exemplified our
results in various theories of gravity which appear to be of considerable interest, but the same
methods can be applied in other theories as well. Various results of the present paper can be
extended to black hole solutions with matter, such as electromagnetic or scalar fields – this will be
discussed elsewhere.
It would clearly be desirable to understand physical properties of such universal black holes, such
as their thermodynamics and stability. These will in general depend on the considered theory. It
should be pointed out that, although the metric of the base space does not enter the field equations
for the static BH ansatz (as we have shown), it may still affect the stability of the solution (see for
example [4] in Einstein gravity).
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A Riemannian geometry: universal ⇔ IHS
Isotropy-irreducible homogeneous spaces are defined as (quoting, for example, [16]):
Definition A.1 (IHS space). An isotropy-irreducible homogeneous space (IHS) (M,h) is a homo-
geneous space whose isotropy group at a point acts irreducibly on the tangent space of M at that
point.
Universal spaces were defined in [75]:
Definition A.2 (Universal space). A space (M,h) is called universal if any symmetric conserved
tensor T (hij , ∂khij , ∂k∂lhij , . . .) constructed from sums of terms involving contractions of the met-
ric and powers of arbitrary covariant derivatives of the curvature tensor (i.e., “polynomially”) is
proportional to h.
Remark A.3. Both the above definitions are signature-independent, but in the present paper (M,h)
is assumed to be a Riemannian space (this has some consequences in the following). The factor of
proportionality between T and h in definition A.2 is necessarily a constant since T is conserved.
We observe that:
Proposition A.4. A Riemannian space (M,h) is IHS if, and only if, it is universal.
Proof. The fact that IHS ⇒ universal follows from the proof of the theorem in section 15 (p. 137)
of [26]. Conversely, a universal space must be “semi-solo” (in the terminology of [16]) thanks to the
results of section 39 of [76] (cf. also [77] for further comments and [78–80] for related results about
“natural tensors”). Then, theorem 4.4 of [16] implies that it is also IHS.12
12The fact that universal⇒ locally homogenous can also be proven in a different way. Namely, from the proof of
Theorem 3.2 of [81] it follows that a universal space is CSI, which in turn (since the signature is Riemannian) implies [82]
local homogeneity.
12
Some examples of IHS are given in [83] (see also, e.g., [12] for some comments in the context
of Lovelock black holes). The simplest ones are direct products of (identical) spaces of constant
curvature.
B Robinson-Trautman coordinates
B.1 Metric and curvature
For any choice of a Riemannian metric h (even a non-Einstein one), the line-element (2), belongs to
the d-dimensional Robinson-Trautman class [18]. This can be easily seen by introducing Eddington-
Finkelstein coordinates via
dt = du+ (eaf)−1dv, dr = e−adv, (B44)
such that
g = −2dudv − 2H(v)du2 + r2(v)hij(xk)dxidxj , 2H = eaf. (B45)
Both coordinate systems (2) and (B45) can be useful for different purposes. In the coordinates
(B45), the Robinson-Trautman null vector reads ℓ = ∂v and one has [18]
Rvv = −(d− 2)r,vv
r
= −(d− 2)(e
−a),v
r
. (B46)
Note also that Rvv = −(eaf)−1(Ett − Err).
References
[1] F. R. Tangherlini, Schwarzschild field in n dimensions and the dimensionality of space
problem, Il Nuovo Cimento 27 (1963) 636–651.
[2] G. W. Gibbons and D. L. Wiltshire, Space-time as a membrane in higher dimensions, Nucl.
Phys. B 287 (1987) 717–742.
[3] D. Birmingham, Topological black holes in anti-de Sitter space, Class. Quantum Grav. 16
(1999) 1197–1205.
[4] G. W. Gibbons and S. A. Hartnoll, Gravitational instability in higher dimensions, Phys. Rev.
D 66 (2002) 064024.
[5] H. Weyl, Gravitation and Elektrizita¨t, Sitzungsber. Preuss. Akad. Wiss. (1918) 465–480.
[6] A. Eddington, The Mathematical Theory of Relativity. Cambridge University Press,
Cambridge, second ed., 1930.
[7] B. S. DeWitt, Dynamical Theory of Groups and Fields. Gordon and Breach, New York, 1965.
[8] J. Scherk and J. H. Schwarz, Dual models for non-hadrons, Nucl. Phys. B 81 (1974) 118–144.
[9] G. Dotti and R. J. Gleiser, Obstructions on the horizon geometry from string theory
corrections to Einstein gravity, Phys. Lett. B 627 (2005) 174–179.
[10] N. Farhangkhah and M. H. Dehghani, Lovelock black holes with nonmaximally symmetric
horizons, Phys. Rev. D 90 (2014), no. 4 044014.
[11] S. Ray, Birkhoff’s theorem in Lovelock gravity for general base manifolds, Class. Quantum
Grav. 32 (2015), no. 19 195022.
13
[12] S. Ohashi and M. Nozawa, Lovelock black holes with a nonconstant curvature horizon, Phys.
Rev. D 92 (2015) 064020.
[13] H. A. Buchdahl, On a set of conform-invariant equations of the gravitational field, Proc.
Edinburgh Math. Soc. 10 (1953) 16–20.
[14] R. Emparan and H. S. Reall, Generalized Weyl solutions, Phys. Rev. D 65 (2002) 084025.
[15] V. Pravda and A. Pravdova´, WANDs of the black ring, Gen. Rel. Grav. 37 (2005) 1277–1287.
[16] D. D. Bleecker, Critical Riemannian manifolds, J. Diff. Geom. 14 (1979) 599–608.
[17] I. Robinson and A. Trautman, Some spherical gravitational waves in general relativity, Proc.
R. Soc. A 265 (1962) 463–473.
[18] J. Podolsky´ and M. Ortaggio, Robinson-Trautman spacetimes in higher dimensions, Class.
Quantum Grav. 23 (2006) 5785–5797.
[19] V. Pravda, A. Pravdova´, and M. Ortaggio, Type D Einstein spacetimes in higher dimensions,
Class. Quantum Grav. 24 (2007) 4407–4428.
[20] S. Hervik, M. Ortaggio, and L. Wylleman, Minimal tensors and purely electric or magnetic
spacetimes of arbitrary dimension, Class. Quantum Grav. 30 (2013) 165014.
[21] M. Ortaggio, V. Pravda, and A. Pravdova´, Algebraic classification of higher dimensional
spacetimes based on null alignment, Class. Quantum Grav. 30 (2013) 013001.
[22] M. Ortaggio, J. Podolsky´, and M. Zˇofka, Static and radiating p-form black holes in the higher
dimensional Robinson-Trautman class, JHEP 1502 (2015) 045.
[23] J. Podolsky´ and R. Sˇvarc, Algebraic structure of Robinson-Trautman and Kundt geometries in
arbitrary dimension, Class. Quantum Grav. 32 (2015) 015001.
[24] T. Jacobson, When is gttgrr = −1?, Class. Quantum Grav. 24 (2007) 5717–5719.
[25] V. Iyer and R. M. Wald, Some properties of the Noether charge and a proposal for dynamical
black hole entropy, Phys. Rev. D 50 (1994) 846–864.
[26] J. A. Wolf, The geometry and structure of isotropy irreducible homogeneous spaces, Acta
Math. 120 (1968) 59–148.
[27] H. K. Kunduri and J. Lucietti, Classification of near-horizon geometries of extremal black
holes, Living Rev. Rel. 16 (2013).
[28] M. Gu¨rses, Signatures of black holes in string theory, Phys. Rev. D 46 (1992) 2522–2526.
[29] B. Zwiebach, Curvature squared terms and string theories, Phys. Lett. B 156 (1985) 315–317.
[30] G. Dotti, J. Oliva, and R. Troncoso, Vacuum solutions with nontrivial boundaries for the
Einstein-Gauss-Bonnet theory, Int. J. Mod. Phys. A 24 (2009) 1690–1694.
[31] C. Bogdanos, C. Charmousis, B. Goute´raux, and R. Zegers, Einstein-Gauss-Bonnet metrics:
Black holes, black strings and a staticity theorem, JHEP 10 (2009) 037.
[32] H. Maeda, Gauss-Bonnet black holes with non-constant curvature horizons, Phys. Rev. D 81
(2010) 124007.
[33] G. Dotti, J. Oliva, and R. Troncoso, Static solutions with nontrivial boundaries for the
Einstein-Gauss-Bonnet theory in vacuum, Phys. Rev. D 82 (2010) 024002.
[34] D. G. Boulware and S. Deser, String generated gravity models, Phys. Rev. Lett. 55 (1985)
2656–2660.
[35] J. T. Wheeler, Symmetric solutions to the Gauss-Bonnet extended Einstein equations, Nucl.
Phys. B 268 (1986) 737–746.
14
[36] R.-G. Cai, Gauss-Bonnet black holes in AdS spaces, Phys. Rev. D 65 (2002) 084014.
[37] N. Dadhich and J. M. Pons, On static black holes solutions in Einstein and
Einstein-Gauss-Bonnet gravity with topology Sn × Sn, Eur. Phys. J. C75 (2015) 280.
[38] R.-G. Cai, A note on thermodynamics of black holes in Lovelock gravity, Phys. Lett. B 582
(2004) 237–242.
[39] R.-G. Cai and N. Ohta, Black holes in pure Lovelock gravities, Phys. Rev. D 74 (2006) 064001.
[40] P. Bueno, P. A. Cano, O´. Lasso A., and P. F. Ramı´rez, f(Lovelock) theories of gravity, JHEP
04 (2016) 028.
[41] J. T. Wheeler, Symmetric solutions to the maximally Gauss-Bonnet extended Einstein
equations, Nucl. Phys. B 273 (1986) 732–748.
[42] B. Whitt, Spherically symmetric solutions of general second order gravity, Phys. Rev. D 38
(1988) 3000–3007.
[43] C. Charmousis and J.-F. Dufaux, General Gauss-Bonnet brane cosmology, Class. Quantum
Grav. 19 (2002) 4671–4682.
[44] H. Maeda, S. Willison, and S. Ray, Lovelock black holes with maximally symmetric horizons,
Class. Quantum Grav. 28 (2011) 165005.
[45] D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12 (1971) 498–501.
[46] J. Oliva and S. Ray, Classification of six derivative Lagrangians of gravity and static
spherically symmetric solutions, Phys. Rev. D 82 (2010) 124030.
[47] N. Dadhich and J. M. Pons, Static pure Lovelock black hole solutions with horizon topology
Sn × Sn, JHEP 05 (2015) 067.
[48] C. Lanczos, A remarkable property of the Riemann-Christoffel tensor in four dimensions,
Annals Math. 39 (1938) 842–850.
[49] C. Gregory, Non-linear invariants and the problem of motion, Phys. Rev. 72 (1947) 72–75.
[50] H. A. Buchdahl, The Hamiltonian derivatives of a class of fundamental invariants, Quart. J.
Math. Oxford 19 (1948) 150–159.
[51] S. Deser and B. Tekin, Energy in generic higher curvature gravity theories, Phys. Rev. D 67
(2003) 084009.
[52] H. A. Buchdahl, On Eddington’s higher order equations of the gravitational field, Proc.
Edinburgh Math. Soc. 8 (1948) 89–94.
[53] H. A. Buchdahl, A special class of solutions of the equations of the gravitational field arising
from certain gauge-invariant action principles, Proc. Natl. Acad. Sci. U.S.A. 34 (1948) 66–68.
[54] T. Ma´lek and V. Pravda, Type III and N solutions to quadratic gravity, Phys. Rev. D 84
(2011) 024047.
[55] S. Mignemi and D. L. Wiltshire, Black holes in higher-derivative gravity theories, Phys. Rev.
D 46 (1992) 1475–1506.
[56] S. Nojiri and S. D. Odintsov, Anti-de-Sitter black hole thermodynamics in higher derivative
gravity and new confining-deconfining phases in dual CFT, Phys. Lett. B 521 (2001) 87–95.
[Erratum: Phys. Lett. B 542, 301(2002)].
[57] H. A. Buchdahl, Non-linear Lagrangians and cosmological theory, Mon. Not. Roy. Astron.
Soc. 150 (1970) 1–8.
[58] W. Pauli, Zur Theorie der Gravitation und der Elektrizita¨t von Hermann Weyl, Phys. Z. 20
(1919) 457–467.
15
[59] S. Deser and B. Tekin, Shortcuts to high symmetry solutions in gravitational theories, Class.
Quantum Grav. 20 (2003) 4877–4883.
[60] S. H. Hendi, The relation between F(R) gravity and Einstein-conformally invariant Maxwell
source, Phys. Lett. B 690 (2010) 220–223.
[61] M. Hassa¨ıne and C. Mart´ınez, Higher-dimensional black holes with a conformally invariant
Maxwell source, Phys. Rev. D 75 (2007) 027502.
[62] Y. Bardoux, M. M. Caldarelli, and C. Charmousis, Shaping black holes with free fields, JHEP
05 (2012) 054.
[63] S. Capozziello, A. Stabile, and A. Troisi, Spherical symmetry in f(R)-gravity, Class. Quantum
Grav. 25 (2008) 085004.
[64] A. Kehagias, C. Kounnas, D. Lu¨st, and A. Riotto, Black hole solutions in R2 gravity, JHEP
05 (2015) 143.
[65] S. H. Hendi, B. Eslam Panah, and S. M. Mousavi, Some exact solutions of F(R) gravity with
charged (a)dS black hole interpretation, Gen. Rel. Grav. 44 (2012) 835–853.
[66] J. D. Barrow and A. C. Ottewill, The stability of general relativistic cosmological theory, J.
Phys. A 16 (1983) 2757–2776.
[67] A. de la Cruz-Dombriz, A. Dobado, and A. L. Maroto, Black holes in f(R) theories, Phys.
Rev. D 80 (2009) 124011. [Erratum: Phys. Rev. D 83, 029903 (2011)].
[68] P. Bueno and P. Cano, On black holes in higher-derivative gravities, Class. Quantum Grav. 34
(2017), no. 17 175008.
[69] S. Nojiri and S. D. Odintsov, Instabilities and anti-evaporation of ReissnerNordstro¨m black
holes in modified F (R) gravity, Phys. Lett. B 735 (2014) 376–382.
[70] M. Calza`, M. Rinaldi, and L. Sebastiani, A special class of solutions in F (R)-gravity, Eur.
Phys. J. C78 (2018) 178.
[71] H. Lu¨, Y. Pang, and C. N. Pope, Black holes in six-dimensional conformal gravity, Phys. Rev.
D 87 (2013), no. 10 104013.
[72] R. J. Riegert, Birkhoff’s theorem in conformal gravity, Phys. Rev. Lett. 53 (1984) 315–318.
[73] P. D. Mannheim and D. Kazanas, Exact vacuum solution to conformal Weyl gravity and
galactic rotation curves, Astrophys. J. 342 (1989) 635–638.
[74] D. Klemm, Topological black holes in Weyl conformal gravity, Class. Quantum Grav. 15
(1998) 3195–3201.
[75] A. A. Coley, G. W. Gibbons, S. Hervik, and C. N. Pope, Metrics with vanishing quantum
corrections, Class. Quantum Grav. 25 (2008) 145017.
[76] T. Y. Thomas, The Differential Invariants of Generalized Spaces. Cambridge University
Press, London, 1934.
[77] I. M. Anderson, Natural variational principles on Riemannian manifolds, Annals Math. 120
(1984) 329–370.
[78] P. B. Gilkey, Curvature and the eigenvalues of the Laplacian for elliptic complexes, Adv. Math.
10 (1973) 344–382.
[79] M. Atiyah, R. Bott, and V. K. Patodi, On the heat equation and the index theorem, Invent.
Math. 19 (1973) 279–330.
[80] D. B. A. Epstein, Natural tensors on Riemannian manifolds, J. Diff. Geom. 168 (1975)
631–645.
16
[81] S. Hervik, V. Pravda, and A. Pravdova´, Type III and N universal spacetimes, Class. Quantum
Grav. 31 (2014) 215005.
[82] F. Pru¨fer, F. Tricerri, and L. Vanhecke, Curvature invariants, differential operators and local
homogeneity, Trans. Amer. Math. Soc. 348 (1996) 4643–4652.
[83] A. L. Besse, Einstein Manifolds. Springer-Verlag, Berlin, 1987.
17
